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Wing in Heaving Oscillatory Motion
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Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0219

A wing in steady flight near a wavy surface, such as in the case of a large, transoceanic wingship, is
simulated by a wing oscillating in heave near a flat surface. In accord with the wingship, small AR and
slight camber are considered. In the present study, consideration is limited to the case when the wave-
length of the surface is much greater than the chord of the wing and the slope of the surface is much
less than unity. The numerical simulation predicts that the mean aerodynamic loads on a wing executing
a simple-harmonic heaving motion are higher than the corresponding loads on the same wing in steady
flight at the mean height and the same angle of attack. These preliminary results suggest that it would
be beneficial to fly near the waves and that doing so would improve the aerodynamic efficiency. Also
included in the present results are numerical simulations of the wakes that show the strong influences of
the ground and the oscillations on their behavior.

L Introduction

BECAUSE there is a marked increase in the ratio of lift-
to-drag that occurs when a wing flies near the ground,

there is an interest in designing airplanes to operate near the
ground: one example is the wingship proposed by Aerocon,
Inc.1 and others are the so-called ekranoplans (some as large
as a DC-9) designed, built, and flown in the former Soviet
Union. An airplane can fly near the surface of the ocean from
continent to continent; hence, one application of such craft is
transoceanic flight. One of the fundamental questions that has
not received much attention to date is how will the ocean
waves effect the performance. In this article we address this
question.

The vortex-lattice method has been widely used for steady
and unsteady aerodynamics for thin and thick, lifting, and non-
lifting bodies. Belotserkovskii2 obtained the steady normal
force and moment about the leading edge for a unit-AR rec-
tangular flat plate taking into account wingtip separation. The
method was applied to a delta wing by Mook and Maddox.3
Konstadinopoulos et al.4 further extended the method and pre-
sented results for the same configurations.

Steven5 studied the landing performance of an aircraft. The
flow during takeoff and landing is unsteady even if the aircraft
is moving with constant velocity. The phenomenon of ground
effect is also observed in ship motion near a canal wall or near
a second ship. Exact solutions for three-dimensional wings are
most likely impossible to obtain.6 Since experimental work is
a difficult and expensive task for wings in ground effect,7 a
numerical technique is valuable. Nuhait and Mook8 used the
vortex-lattice method to calculate the aerodynamic load in and
out of ground effect. They used the method of images to en-
force the no-penetration condition at the ground. Their results
compare with the experimental data of Chang.9 Chen and
Schweikhard10 solved for the unsteady ground effect for a two-
dimensional flat plate. In their work they assumed the wake to
be straight along the flight path. The wings on high-speed
ground vehicles, such as racing cars, are another example of
lifting surfaces in unsteady ground effect. Normally the wing
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used in racing cars has negative incidence and an oscillatory
heaving motion when the roadway is not perfectly smooth.
Katz11 investigated the performance of automotive lifting sur-
faces in close proximity to the ground. He considered a rec-
tangular, uncambered wing and investigated the aerodynamic
load on a wing oscillating in heave in and out of ground effect.
He also investigated the effect of AR. Ando et al.12 used lift-
ing-surface techniques to analyze a thin two-dimensional air-
foil flying over a wavy-wall surface in an incompressible and
inviscid flow. The idea of extracting energy from ocean waves
for propulsion was investigated by Wu13 and Grue et al.14 They
found that a hydrofoil moving in incoming waves can extract
a relatively large amount of energy. In the present work, we
investigate the effect of the waves on a three-dimensional cam-
bered wing flying in air near the surface.

The analysis of a wing in oscillation out of ground effect is
valuable also. Not only does it have direct applications such
as in aircraft maneuvers, but it also can be used to evaluate
the ground effect by comparing the results with those for the
wing oscillating near the ground.

The behavior of wakes was studied for an airfoil in oscil-
lation out of ground effect by Katz and Weihs,15 and more
recently by Mook and Dong.16 In this article, we study the
behavior of the wake and the effect of the reduced frequency
for a three-dimensional lifting-surface. The loads on a wing
oscillating in heave are influenced by the motion of the wing
itself, the wake behind the wing, and the distance between the
wing and the ground.

II. Aerodynamic Model
We consider an arbitrary curved lifting surface flying at a

constant horizontal velocity relative to an inertial reference,
over a wavy surface. We limit consideration to the case in
which 1) the wavelength of the surface is much greater than
the chord of the wing and the height of the wing above surface
and 2) the slope of the surface is much less than unity. When
this situation is viewed on the scale of the wing, the wavy
surface appears to be a plane heaving up and down; thus, the
present model simulates a wing flying over swells in the sea.
The swells are two dimensional with their troughs and ridges
running parallel to the span of the wing.

The situation is represented in Fig. 1: (X, Y, and Z) are the
inertial coordinates and (x, y, and z) are the body-fixed coor-
dinates. The body-fixed reference frame translates horizontally
to the left at constant velocity: — Vxi. The time-dependent dis-
tance between A, the origin of the moving frame, and surface
is given by h(t). Both Vx and h are prescribed. The coordinates
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Fig. 1 Description of the coordinate systems over a wavy surface.

of a given point in space in the two systems are related as
follows:

R = RA + r (1)

where R is the position vector of the point in the inertial sys-
tem and r is the position vector in the body-fixed system; RA
is the position of the origin of the body-fixed system and is a
prescribed function of time. We consider the flow to be incom-
pressible and irrotational everywhere except on the lifting sur-
face and in its wake. In the inertial frame, the flowfield can
be described in terms of the velocity potential $>(R, t), which
satisfies the following:

V20> = 0 in the flowfield (2)

(V<l> + VJ)-n = 0 on the surface of the wing (3)

— = h on the wavy surface
dZ

the velocity induced by the wavy surface as

(4)

(5)

where n is a vector normal to the surface of the wing.
Equation (3) is the no-penetration condition on the wing:

the normal component of the velocity of a fluid particle in
contact with the surface of the wing, relative to the moving
surface of the wing, must vanish. Equation (4) is a similar
statement for the wavy surface; the overdot denotes the deriv-
ative with respect to time, and V is the gradient operator.

It is possible to pose the problem in a more convenient form
in terms of another velocity potential (f) defined as follows:

, r) = <«r, t) + h(t)z (6)

The spatial derivatives of <E> are taken with respect to R [i.e.,
(X, y, and Z)], and those of c/> are taken with respect to r.
Because time is constant for these derivatives, the changes in
R and r are the same and, hence,

V3> = V</> + hk (7)

V2c|> = V24> (8)

then it follows from Eq. (2) that

V2<£ = 0 in the flowfield (9)

and from Eq. (3) that

(V<{> + V^i + hk)-n = 0 on the surface of the wing (10)

and from Eq. (4) that

dd>—— = 0 on the wavy surface
oz

and from Eq. (5) that

0 r ->

(11)

(12)

To obtain Eq. (12), we considered the air above the wavy
surface to be moving up and down with the surface in the
absence of the wing.

It follows from Eqs. (9-12) that <£ describes the flow over
a wing that translates in the vicinity of a fixed surface with
the velocity

Vw m B= -1 hk (13)

through air that is still far from the wing.
The aerodynamic loads on the wing are computed by inte-

grating the pressure over the surface. The pressure is obtained
from Bernoulli's equation, which has the following familiar
form in terms of <&:

dt
i P Px h2

i _ _ _ I _
p ~ ~p 2

(14)

The first term is the rate of change of <J> at a given location
in the inertial frame of reference; to obtain it, one must vary
t while holding R fixed. If R is fixed while t and, hence, RA
vary, then r must also vary. It follows from Eq. (1) that, during
a very small time interval Ar

Ar = - (15)

Thus, we convert the time derivatives from ground-fixed co-
ordinates to wing-fixed coordinates as follows:

Bt
= lim

= lim

~ dt

, t + Ar) - , f)l_
JAr

i, t + Ar) + h(t
Ar

h(t)z~]
—\

—
dx

fe (16)

In Eq. (16), the first term is the derivative at a fixed position
in the moving reference frame. When Eqs. (7) and (16) are
substituted into Eq. (14), the result is

P - P- 0 , v , , ,=-2 v- + * - 2hz

(17)

Equation (17) can be written in terms of nondimensional quan-
tities (denoted by asterisks) as follows:

P ~ Poc

l/2pV2 "

- 2A'*z*

d</>*
————

dt*
d(/>*
————

dx* dz*

(18)

The last term makes no contribution to the total aerodynamic
loads on the lifting surface. Equations (9-12) are solved by
the general unsteady vortex lattice method; an image is used
to satisfy Eq. (II).8 After </> is found, Eq. (17) is used to find
the pressures; the pressure times a unit normal vector and its
moment are integrated over the lifting surface to find the total
loads.
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Fig. 2 Lift, drag, moment, and vertical position of the wing with respect to the mean height above the ground as functions of the distance
traveled d in terms of chords C. The moment is taken about the quarter chord from the leading edge. —, in ground effect and —, out of
ground effect, k = a) 7T/16 and b) 77/64.

With the general unsteady vortex-lattice method the lifting
surface and the wake are modeled by lattices of discrete vortex
filaments. At any instant the circulations around the vortex
segments along the edges of a given element are equal; these
loop circulations for the lifting surface change with time in an
unsteady flow. The position of the vortex lattice representing
the body is known. However, the vortex lattice representing
the wake deforms freely, always assuming the force-free po-
sition.

The time-dependent circulations around the vortex filaments
in the bound sheet are determined at each time step by im-
posing the no-penetration condition at one point in each ele-
ment (the so-called control point). This no-penetration condi-
tion has the form:

(19)

for / = 1, 2, . . . , N. The variable N is the total number of
elements representing the body, and the Atj represents the nor-
mal component of the velocity at the control point of the /th
element generated by unit circulation around the yth element,
and GJ is the unknown circulation around the vortex segments
along the edges of the y'th element. The vectors Vs and Vw are
the velocity of the lifting surface and the velocity induced by
the wake at the /th control point, and nt is the unit vector
perpendicular to the elemental area at the control point.

The difference in the pressures on the upper and lower sur-
faces along the edges where the free and bound vortex sheets
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Fig. 3 Comparison of the unsteady lift with the steady-state re-
sult. The angle of attack is 3 deg and the mean height is 0.5C.
—, k = 7T/16; -, k = 7T/32; - • -, k = 7T/64, and *, steady-state result.

are joined is forced to vanish by shedding the segments along
these edges into the flowfield. As one segment is shed, another
forms. The segments in the wake convect with the flow at the
local particle velocity and, hence, occupy the force-free posi-
tion. Because the vorticity in the wake now was shed from the
wing (i.e., determined) earlier, the wake serves as the historian
of the flow. When a segment in the wake reaches a point far
downstream, it is neglected.

A rectangular cambered wing of unit AR (small ARs are
desirable for wingships) oscillating in heave at various mean
heights above a plane surface is considered in the present anal-
ysis. The time-dependent height of the wing above the ground
h is given by h = H - A sin 0, where A is the amplitude of
the oscillation, 6 - 2irtlT = cot, T is the period of the heaving
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motion, a) is the angular velocity, and t is time. H' = H — h
is the vertical position of the wing with respect to the mean
height above the ground. The relationship between a) and k is
given by k = a}C/2V^ where C is the chord length, V« is the
freestream velocity, and k is the reduced frequency.

III. Results
In earlier work,2"3'715 the accuracy of the present model was

well established for various two- and three-dimensional steady
flows and a few two-dimensional unsteady flows. To further
establish confidence in the present method as a model for an
oscillating wing, we used it to calculate the loads on a wing
with a NACA 0012 profile and an AR of 30 oscillating sinu-
soidally in pitch about the quarter chord. The numerical results
were then compared with the observations of McCroskey et
al.17 The present solution agrees well with the experimental
data.

For surface-effect aircraft small ARs are desirable. Because
the wingtip vortex systems influence the flow over a significant
percentage of the whole wing, small ARs often present difficult
problems for classical lifting-surface approximations, but this

is not true for the general vortex-lattice method. A rectangular
cambered wing of unit AR is used for the remaining examples.
The nominal angle of attack for the stationary wing is 3 deg.
The amplitude of oscillation is 0.25 chord, CM is the coefficient
of moment about the quarter chord, and CL is the coefficient
of lift.

In Fig. 2, the aerodynamic loads and the vertical position of
the wing are shown as functions of the distance traveled for a
wing in an oscillatory heaving motion. The mean height of the
trailing edge of the wing in ground effect is 0.5 chord. These
results were obtained by first fixing the wing at 3-deg angle
of attack until a steady state developed and then having it
oscillate in heave at an amplitude of 0.25 chord.

The aerodynamic loads are plotted as functions of the dis-
tance traveled for k = Tr/16 and 77/64, respectively. The differ-
ences between the loads in ground effect (solid lines) and those
out of ground effect (broken lines) are evident. In both cases
and for both frequencies, the peak lift occurs before the peak
induced drag and the minimum pitch moment. The symmetry
about zero loads is destroyed by the mean angle of attack and
the ground.
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Fig. 4 Comparison of mean values of lift, drag, and moment coefficients for different periods of oscillation with the steady-state result.
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wake generated during the oscillation

a)

wake generated during the initial
build up of a steady state

Fig. 5 Computed wakes for the wing in ground effect where k = Tr/4, amplitude = 0.25 chord. The dots represent the location of vorticity
in the wake of the wing. The portion of the wake generated during the initial startup can be seen at the far right: a) top and b) side
view.

As the frequency is decreased, the peaks tend to flatten, last
longer, and be smaller. This behavior is more pronounced in
ground effect than out. In ground effect, the wing tends to
carry the high loads longer.

In Fig. 3 the unsteady aerodynamic lift coefficient is com-
pared with the steady-state result. The wing is in ground effect
and the values of reduced frequencies are 77/16, 77/38, and
77/64. It is evident from the figure that as the frequency is
decreased, the peak lift coefficients get smaller and closer to
the steady-state results. The oscillation tends to dominate the
aerodynamic load as the frequency is increased. During a cycle
the increase in lift is greater than the decrease, making the
mean lift somewhat greater than the value for steady flow.

In Fig. 4a the mean aerodynamic loads for an oscillating
wing are compared with those for a wing in steady flow. The
wing is in ground effect. The mean aerodynamic load over one
cycle is higher than the load in the steady flow at the mean
height. The mean aerodynamic load approaches the load in
steady flow as the reduced frequency decreases. In Fig. 4b the
mean value of the aerodynamic load on an oscillating wing is
compared with the load on the wing in steady flow out of
ground effect.

Comparing the two sets of results, one finds that the mean
loads on the wing in ground effect are higher than those on
the wing out of ground effect. The trends, however, are quite
similar: the mean lift and induced drag increase with frequency
and the moment decreases. Of course, trying to augment the
lift by oscillating a wing is not practical, although doing so
could raise the mean lift. The present results suggest that the
same effect is produced by flying low over a wavy surface,
and hence, the waves may actually boost the efficiency of a
wingship.

In Fig. 5, the computed wake of the oscillating wing is
shown. The dots locate the ends of the discrete vortex seg-
ments that represent the wakes. The computations were made

by first giving the wing an impulsive start from rest, then hav-
ing it move forward at constant velocity and angle of attack
until the steady state develops, and finally making it oscillate
with a simple harmonic motion in heave. The portion of the
wake generated during the initial development of the steady
state is clearly visible in the figures. The amplitude of the
heaving motion is 0.25 chord, the nominal angle of attack is
3 deg, and the mean height is 0.5 chord.

In Fig. 5, the reduced frequency of the oscillation is a rather
high 77/4. In this figure, the top and side views are shown and
the wing is flying near the ground. In the figure one sees that
the ground clearly restricts the vertical extent of the wakes and
increases the horizontal extent. Spreading the wake horizon-
tally generally has the beneficial effect of making the wing
appear to have a larger AR than it actually does.

In this figure the wing is approaching the low point of its
trajectory. Near the low points of the trajectory, the wing de-
velops more lift and hence sheds more vorticity than the wing
out of ground effect, and the corresponding portions of the
two wakes have very different forms. The wake near the
ground spreads horizontally in both the crossflow and stream-
wise directions more than the other wake. In contrast, near the
high points of the trajectories, both wings shed about the same
vorticity and the corresponding portions of their wakes have
similar forms. The different positions of the wakes mean that
their influence on the flowfields around the tail assemblies in
and out of ground effect will be somewhat different. The use
of low-AR wings makes the difference more noticeable.

IV. Concluding Remarks
Recent interest in transoceanic ground effect airplanes raises

the question of what effect the waves and large swells would
have on the performance. Would they enhance or degrade the
benefits that can be derived from operating near the surface?
As a first attempt to simulate a wing flying over a wavy sur-
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face, we have considered small-AR, slightly cambered wings
flying over long-wavelength ocean swells. The mean aerody-
namic loads on a wing oscillating in heave at a nominal angle
of attack are higher than the corresponding loads on a wing in
steady flight at the same angle of attack. This result is true for
wings operating both near and far from the ground. The in-
creases are about the same in both cases. Moreover, they grow
as the frequency increases, even reaching the point at a rather
high frequency where the effects of the oscillation completely
dominate those of the ground. Of course, oscillating a wing to
augment its aerodynamic performance is not practical, but fly-
ing near a wavy surface may well be, and the effects appear
to be similar. Thus, we conclude from this preliminary study
that flying over a wavy surface probably would enhance the
efficiency of a ground-effect craft and, hence, be rather ben-
eficial.
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